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Abstract 

The basic objects of the ADHM construction are reformulated in terms 
of elements of the .4e(R 4 ) algebra of the noncommutative R 4 . space. This 
new formulation of the ADHM construction makes possible the explicit 
calculus of the U(2) instanton number which is shown to be the product 
of a trace of a finite rank projector of the Fock representation space of the 
algebra _4e(R 4 ) times a noncommutative version of the winding number. 

PACS NUMBER: ll.10.Nx, 11.15.Tk. 

Introduction 

The ADHM (Atiyah-Drinfeld-Hitchin-Manin) construction of instantons 
is an active research area in physics. It emerges from a wide range of phe- 
nomenon in physics, from the Dp-brane theory where the space of solutions of 
the Higgs branch of the Dp-brane coincides with the ADHM equations [2] EI 01 
to the vortex theory where it is shown that it exists relationship between the 
moduli space of vortices and the moduli space of instantons given in terms of 
fields of the ADHM construction [S][S][7|- 

In recent years many works have been devoted to the calculus of the non- 
commutative ADHM instanton number. Either from Corrigan'identity 
or in the operator formalism where the first Pontrjagin class is calculated as 
a converge series C2] E3 El El • ^ n ^ S wor ' t we re f° rmuia te the ADHM 
construction of instantons in terms of elements of the ,/lg(R 4 ) (£> *4#(R 4 ) algebra. 
This new formulation leads to explicit solutions of ADHM constraints. It makes 
possible an analytic calculus of the noncommutative 17(2) gauge field, the field 
strength and the U (2) instanton number. The calculus of this instanton num- 
ber resembles the one of the element of the third homotopy group 773 (ST/ (2)) : 
the winding number measured by the noncommutative version of the three di- 
mensional surface integral at infinity. This suggests a geometrical picture of 
instanton number of the ADHM construction which is shown to be a product 
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of a trace of a finite rank projector onto the Fock representation space of the 
algebra „4#(R 4 ) times a noncommutative version of the winding number. 

We begin this paper by recalling, in section 1, some properties of the non- 
commutative Rg space and review briefly, in section 2, the ADHM construc- 
tion of noncommutative instantons |16|. In section 3, we reformulate the 
noncommutative ADHM construction of instantons in terms of elements of the 
Aei^ 4 ) <£> -4e(R 4 ) algebra from which we calculate analytically the U(2) gauge 
field, the field strength and the U{2) instanton number then we show how it 
may be described by a noncommutative version of the winding number. 

1 Noncommutative M.g 

The noncommutative 4-dimensional R 4 , space is described by the Ag(M. 4 ) algebra 
generated by the coordinates (hermitian operators) x^(fi G [1,2,3,4]) or with 
the complex notation by 

zi=x 2 +ixi, Z2=X4,+iX3, ~z\ = x-z — ix\, ~z 2 = x i -ix- i (1) 
with the commutations rules 

[z a ,Zfi\=-2SS a ,p, [z a ,zp]=0 ,(a=l,2). (2) 

The derivatives act on the algebra _4g(R 4 ) as 

d a a = [z a ,a] , da = -^[z a ,a] Va G Ag(M. 4 ) (3) 
from which we define the action of exterior derivative d by 

da= ~2~9 a ] dZa ~ 20 ^ Zcn ^ dZa ' 

dz a and dz a commute with z a and ~z a and anti-commute among themselves, 
and hence d 2 a = Va G -4 (R 4 ). 

The Fock representation space Tt of the algebra Ag{R A ) is spanned by the 
orthonormalized basis \n\, n 2 ) (n% > 0, n 2 > 0) , ( 
with 



Zx\ni,n 2 ) = \j2B(n x + 1) |m + l,n 2 ) , z 2 \n\,n%) = \/29(n 2 + 1) \ni,n 2 + 1) , 
zi\ni,n 2 ) = y/26ni \m - l,n 2 ) , z 2 \ni,n 2 ) — \/29n 2 \ni,n 2 - 1) . (4) 

In the complex notation the integration on R 4 , is defined as: 

J dzid~z\dz 2 d~z 2 — (4<K6) 2 Trn (5) 
where the trace of the operator is over the Fock space H. 



2 



2 Instantons and ADHM construction 



Instantons are localized finite-action non-perturbative self(anti-self)-dual solu- 
tions for the Euclidian equations of motion of Yang-Mills gauge theories. In 
this section we will recall the basic algoritm of the ADHM construction JS] to 
give such solutions on noncommutative M.@ space. This construction is just a 
deformed version of the commutative one [T]|17|. 

The different steps of the ADHM construction for U(N) k- instantons can be 
summarized as follows 

1. Solve the deformed ADHM equations 

Bx,B\ 
B U B 2 ]+IJ = 0. 

where we have the matrices (with C-numbers entries) 

B\ 2 ■ k x k dimension. 
I,,P : k x N dimension. 
idk : the k x k identity. 

2. Define the Dirac-like operator 

_ / B 2 -z 2 B x -z x I \ 
Vz -\-{B\-z x ) b\-z 2 Jtj- W 

3. Look for all the N normalized solutions ^ a (the zero-modes) to the equa- 
tion 

V z V a = 0, * at * b = id k S ab . (8) 

4. Construct the U (N) gauge field A = ^d^> from which we define the field 
strength F = dA + A 2 . 

The instanton number is defined by 

k= ^(^0 f Tr{F) 2 (9) 

which takes integral value. Here the sign +(-) is for the (anti-)self-dual in- 
stantons and the trace is taken both on the group indices (for the general case 
of the U{N) gauge group) and on the Fock space. The above relation is the 
noncommutative version of the second Chern character defined by 

k= ^L dxTrum {f)2 



B 2 ,B. 



-iP - Jtj = md k . 



(6) 
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3 £7(2)-k-Instanton explicit solution 

In general, in the commutative case (9 — 0), we solve the ADHM equation @J 
by putting the kxk matrices B\ and B 2 diagonal. Their k complex eingenvalues 
a\ = X 2 + iX[, a l 2 = X\ + iX\ (i 6 [1, ...,k]) are interpreted as positions of 
k instantons (see [IB])- The elements of the matrices I and J give their size. 
Then it might be tempted to interpret, in the noncommutative case, B\ and B 2 
as positions in the noncommutative Rg space i.e. Bi, B2 G ^4g(K 4 )- The finite 
dimensions of the ADHM matrices are obtained by using projectors of finite 
rank. In fact if we consider _A#(!L 4 ) algebra elements of the form z^ = Pz a P 
where P is the projector of finite rank 

N 2 M 2 

P= Im.naXni.nal, (10) 

m—Ni n2—M\ 

we obtain the following commutation relations 

[Za,z%]=-29P6 a + {I a ll-4j a )5 a0 , =0. (11) 

These relations follow from 

z a P = Pz a ~\~ I a J a , z a P — Pz a I a J a (12) 
obtained from (@J and flH|l where 

M 2 

h = Pn 2 z\= Y \ N 2,n 2 ) (N 2 ,n 2 \ z x , 

n 2 =M! 
N 2 

h = I'm ^2 £ \ni,M 2 )(ni,M 2 \z2, 

n 1 =N 1 
M 2 

J\ = ziP Nl = Y *i \ N i,n 2 ) (iVi,n 2 | , 

n 2 =Mi 
N 2 

J 2 = z 2 P Ml = Y z 2 \n 1 ,M 1 )(n 1 ,M 1 \. (13) 

The operators I a and J a satisfy the relations 

I«J =O, (14) 

and 



hl\ = 28(N 2 + l)P N2 , I 2 l\ = 26(M 2 + 1)P M2 , 

j\ J, = 26N 1 P Nl , 4J 2 = 26M 1 P M ,. (15) 
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Comparing equations ©, (fTT|> and lfPi|) above, we see that we can identify 
B a £ End{C k ) with z p a , the Fock sub-space PH with the k = (N 2 - Ni + 
1)(M2 — Mi + 1)— dimensional space C k = V and the projector P = idpu with 
idk to get the solutions to the ADHM constraints under the form: 



[zf,zf] + [^,z 2 p ] + (// t - Jtj) = 4BP = 46id k 

[z p ,z[]+IJ = (16) 

where IP = hl\ + 7 2 l|, J f J = j| Ji + ,]\j 2 and JJ = h J x + I 2 J 2 . The space 
W is identified to 



W = {{z 1 z 1 )- 1 z 1 P N2 + (z 2 z 2 )- 1 z 2 PM 2 HziZi+2e)- 1 z 1 P Nl +(z 2 z 2 +2e)- 1 z 2 PMjn 



then Jq, G Hom(W, V), and G Hom(W, V) as required by ADHM construc- 
tion. With this identification, the Dirac operator Q becomes 



V, = 



Z_2 

-Zi 

z„ 



Z_i h h 

Z 2 j\ J, 



(17) 



z a <g> id-n — idpu ® z a , I a 



where Z a = z p ® idu — idpu ® z a , 

J a = J a ® id n e A(K 4 ) ® A(R 4 ). 

The commutation rules @ and can be recasted in 

[Z a ,Zp] = —(I a I^ — JaJa)$a/3, [Z a , Zp] = 0. 



I a (g> id 



(18) 



From jT5|l and QTty we get the following two solutions to the equation V z ^ 



as 



/ -Z 2 (ZZ) 
-Zi{ZZ) 

It 



- x 7/t \ 
-i/jt 1 



V 
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_1 and ?/; 2 — 



/ 



/ z x (zz)- x j^j \ 
-z % {zz)- x fij 
Jl 

J-2 



cf,- 1 (19) 



where = Z X Z X +Z 2 Z 2 , X 2 = /^(^^(ZZ+J/t) and </> 2 = jt J(ZZ)- 1 (ZZ- 
jtj) are the renormalization factors. The components of ip 1 ,^ 2 € yle(M 4 ) <8> 

(M. 4 ) and act in the Fock space PH <g) H. By using (|18|) and H14[) we can show 
that these solutions are orthogonal ip^ip 2 = = ipr^tp 1 . To satisfy the normal- 
ization condition JHJ required by the ADHM construction we must investigate 
the region of PH ® H where the solutions l|19fl are well-defined. 

The solution ip 1 is well-defined on range(II^) = P T H <S> H C PH ® 7i where 
ker(ZZ) is projected out. The projector P T is given 

P T = Pn 2 + Pm 2 - \N 2 ,M 2 ) (N 2 , M 2 1 
The states belonging to ker(Z Q ) are coherent states given by 
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\C kl i) = exp(^= ® -^=) \k, I) ® |0, 0) , ATj < fc < 7V 2 , M 1 < I < M 2 . 
y26 v2Q 



Due to (zf)^-fc+i |jb ? |) = o and (zf) M ^' +1 \k,l) = 0, the development of 
the exponential is a finite sum leading to the following explicit forms of the 
coherent states 



N 2 -kM 2 -l 

!<*.«> - E E 

ni- 7X2=0 

normalized as 



(ni + fc)! 

m\k\ 




(na + Q! 
n 2 !Z! 



|rn + fc, ri2 + I) ® | ni, ti 2 ) 



|Cfc,i) — |Cfe,;) ( Cfc.zl Cfe.z) 2 > (Cfc,; | C fc / j> ) = 8k,k' $i,v- 

The sub-space P Tt ® 7i c ® W plays the roles of the vacuum for the 
algebra (|18fl where the projector 

N 2 M 2 

pC = E E N(cfc, 



projects onto a sub-space of P7i ® 7i spanned by the coherent states 



c 



fc,; 



In the other hand (ZZ)~ 



(<z(l — 6)) where a = z z ®idn + idpu ® zz 



is a positive diagonal operators in P7i eg) 7i where the coherent state 



1^2, Ma) Cg> |0, 0) is projected out and b = a 1 (' 
(~z p z p Cg> irfw + idpu Cg> 
ZZ 



-U-*p<*-* i J 1 *.). Due to a 



Jz + z' 



Cn 2 ,m 2 



C k ,i) = (z 1 



Ck.i) deduced from 



Cfc^y = 0, b acts as the unity in P c (Ti®Ti) . And therefore, as stated 
above, (1 — b) is not invertible in this domain. 

In Pn^iAU ®H) = (P <g> id n - P C ){U ® H), \\b\\ -< 1 and a is invertible 
hence 



(ZZ)- 1 = (a(l-fe))- 1 = (Y^b^a- 1 =J2( a ~ 1 (z p ®z + z p ® z)) n a 



n„-l 



n=0 



fc=0 



which shows that (ZZ) 1 : \k, 1) g) |m, n 2 ) — ► Pn^Mi (W <8> W). Therefore 

ip 1 : (P T ® id H )PN lMl (H <8> — ► Pjv iMi (W <8> W) 
is normalized on the sub-space Pjv x Mi Cg> W) as 



G 



The same reasoning shows that the solution ip 2 :range(,P J) = P±Ti.®7i 
— > PH®H, where 

P ± = P Nl + P Ml - \Ni, Mi) (Ni , Mi | , 

is normalized as 

The normalization of these solutions can be recasted in 

*t* = ( P ^ Ml . - ° , )= Pn iMi (20) 
y idpu ® idn ) 

where ^ — (tfj 1 ,^p 2 ). To get normalized solutions on the full Fock space PTL ® Ti, 
we proceed as follows: from the fact that these solutions are not uniquely defined 
one is free to perform a U (2) transformation 

$ = W (21) 

where 

U- ( 22 M (i ZZ + &2 )^ ^ (22) 

U -{-Zi Z 2 )[ (ZZ + Qi)^) (22) 

with 9i = hi\ - 4 Ji, e 2 = h4 - 4 j 2 . 

as consequence of commutation rules (|18|) we get 



tj\tj = l(zz + e 2 )^r o \ fz_ 2 z 2 + ZiZi z 2 Zi-ZiZ 2 
\ {zz + ei)^J x \ZiZ 2 -z 2 z 2 ZiZi + z 2 z 2 

x f(zz + e 2 )^ _ \ 

y (ZZ + Qi)^-) 

idpn ® idn 



. , = id. (23) 
Similarly we have 

[/[/t = ( Z l^f?l + ^^+e7% ^5 2 ^TeI Zl + Zl YT^l Z2 \ 

\ ~ Zl zzT^ Z2 + Z2 zzT&- 1 Zl Zl zzT^ Zl + Z2 z^T 1 Z2 )' 

(24) 

By using and (|15|l . we show that 

*f ,/ 2 4l = [zf , 4j 2 1 = 0, k p ,/i4l = k p > 4^1 = 
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from which we deduce 



Zi, 7 2 / 2 




Z±, J 2 J 2 


= 0, 


z 2 ,hit 




Z2, 



The commutation rules (jTHj) lead to 

1 



zz Za 



7 — /i- 1 z 

zz + e a zz zz + Q a 



(25) 



(26) 



Then from (gSJl and ® , JUJ reads 



t / _ ^ZZ_=_P A , lMl i(^ 2 - z lZl) = \ _ 

^ (^1-^2)^ = — J i T - JTJ z 2 z 2 + z 1 z 1 = idp n( , n J rjViMi 

(27) 

The relations lll'-it and (|27|l show that [/ is a partial isometry 

C/t?/ = id , [7Z7 f = Pat iMi (28) 
which satisfies the relations 

PnmU = U and U^P NlMl = £/ f (29) 

c kJ ) = o. 



as a consequence of Z Q 

From 1101, (EH and (|2H1) we get 

*ttf = = C/tp^Mif/ = U*U = id (30) 

which shows that ^ = is normalized to the unity in the full Fock space 
PH. as required by ADHM constructions. Hence the gauge fields A ab = 
^ a d^ b satisfying 



A = ¥dV = U^U(^)U+U^^dU = U^U{^)U+U^V NlMl dU = U^AU+UUu 

(31) 

where A = Wd^S and d = P ® d is the exterior derivative. 

The field strength is given by F — dA + AA or in terms of components by 



pab = dA ab + A ac A cb = ^a^b + ^U^c^c^b 

= d$ ta (l - $ c * tc )rf$ b (32) 

where we have used H3()|l . The projector 1 — iJ/ c \[>tc ^hat p ro j e cts out of the 
zero-modes must be equal to ^l ^-^T ^V This completeness relation, \$i c W c _|_ 
T>\ — 1 t T> z = 1, is necessary to have self-dual field configurations |§] JH| HOj 

|21|. To check this completeness relation, we rewrite the solutions l|19|l under 
the form 
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* Q = f ~ ° I where and = ( ] . 

V*?// \n) \nj 

Then the 4 x 4 matrix *$t = ^[/[/t^t = ^p^^^t = ^?P NlMl ^ + 
ip 2 ip 2ji can be rewritten under four blocs of 2x2 matrices Ma.b = '>Pa-Pn 1 m 1 '4'b + 
ip\ip 2 J, ( A > B e I 1 ? 11 })- Explicitly we get 

Mi j = ((zzy'-A- 1 ) (-z 2 -Zi)+( Z ^ ((zzy'-A- 1 ) (Z, -Z 2 ) 

(33) 

where we have used 



X~ 2 Pn iMi = A- 1 ^Z(7/t)- 1 P iVlMl = A- 1 ZZP(//t)-i = 
= A-^^/jt)- 1 = x - 2 X " 1 J Piv 1 M 1 = X" 1 , 



CfcA = and [/I^P^mJ = 0, and 



deduced from Z a 



(zzy^Px^nHzz)- 1 = {zzy^PA- 1 = (zzy 1 - a-\ 
(zz)- 1 jt J0- 2 jt j(zz)- 1 = (zz)- 1 jt ja- 1 = (zz)- 1 - a- 1 

where A = ZZ + ifl = ZZ + Jt J. 

By using Ij26(l . we see that the first and third terms of l|33(l give 



_ Z ,(ZZ)- 1 (-Z 2 -Z 1 ) + (^){ZZ)- 1 {Z 1 -Z a ) = l a 



-Za 1 A-i / ^ -7 ^ I Z\ \ A _i 



x2 



hence 



Afr,/ = l 2 x2 - I A" 1 (-Z a -Zi) - I A - (Z a -Z 2 ) . (34) 

From the relation {Z'Z)- 1 1 P x~ 2 = A -1 = {Z Z)- 1 jU<p~ 2 we get 

= (:|) A- 1 (I X / 2 ) + A" 1 (Jj J|) (35) 

and Mu, I = M\ u . 

The relations \lP)- l {Z~Z)A- 1 = (J/*) -1 - A" 1 and ( Jt J)- 1 (ZZ)A- 1 = 
(Jtj)- 1 - A" 1 lead to 

M/ W j=Q)(J/t)- 1 -A- 1 )(/i 7 2 ) + ^|)((jtj)- 1 -A- 1 )(J 1 J 2 ). 

(36) 
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And therefore, ®, © and its adjoint lead to = muW^ 

^P NlMl ^ = 1* - V\^-fV z where 



^2x2 U2x2 

lw = 1 02x2 (jj) (la J a ) + (J) (J+J)- 1 (4 4) 1 (37) 

which is the unit for the zero mode Due to dl a = I a d and dJ a = J a d <|37[) 
is also the unit for d^ a . Hence the completeness relation from which the field 
strength components (|32|l reads 



vM v z vt 

= U^ ac ^ c {dVl)—^—r{dV z )'tb d U db = u^ ac F cd U db . 

T> Til 



where 



7ia6 



^ a {dV\) (dV z )<p b 

^z^z 

( dz\d~z\ — dz-id 



A 



2 2 



-2dz\d~Z2 



\ 



-2dz2(tzi 





0\ 



dz2<tz2 — dz\dz\ 


0/ 



(39) 



The relation exhibits the anti-self duality conditions 



-pab 



-F: 



ah 



F: 



ah 



o 



F, 



ab 



n(J b 



z 2 z 2 i z x z 2 



and the U(2) instanton number is given, in this formalism, by 



(40) 



where now TV = trpn ® trutru^)- 

Let us now consider the particular case by setting N\ = Mi = into the 
projector Ijl0|l . From we deduce J\ = J2 = which reduces the solution 
l|19(l to ip = , 0) where t/> is normalized as 



it„/,i _ 



Ft 



on 



with 



N 2 M 2 

p^ = p®id H -Y,Y,\ c ' 

k=o 1=0 



C, 



kl 
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Since I a P = The solution ip 2 = may be replaced by 

/ \ 

i> 2 = 







-±P <g) id H 



(41) 



which is a trivial solution to (|17fl with j\ = j\ = 0, orthogonal to -0 1 and 
normalized as ■0 2 ^-0 2 = idpn^H- This solution can be recasted in 'J = (ip 1 ,ip 2 ) 
normalized as 

***=( p ™ *L)= p - (42 > 

From that, it is obvious to proceed as for the £7(2) solutions above by 
transforming the doublet \I> by the partial isometry 122fl with 6i = and 
9 2 = J 2 4 t0 S et 

The gauge field A = transforms like JSU wit h A 12 = ip^dip 2 = 0, 

A 21 = ip 2 ^chp^ = and A 22 = tp^dijj 2 = 0. The same technic can be used to 
check that = 1* - V\—^V Z with 



2x2 U2x2 



n (TT+\-l (T t\,i( p ® id n P®id H 

which is the unit of 1 $> a and d^' a . Then the field strength components can be 
computed from ilBUjl to get F 12 = 0, F 21 = 0, F 22 = but all the components 
of F = U^FU are nonvanishing and are given in terms of F , Z a and Z a . This 
shows that, in this formalism, the solution ip 1 which is generally considered as 
solutions for U(l) instantons is in fact a doublet component of U{2) instantons. 

Let us now investigate a little more the ADHM constraints. The above 
results show that depending the form of the projector iJTUjl. we obtain different 
solutions of the ADHM constraints. These solutions depend on the form of z^ 
which determine the form of the operators I a and J a in (|16fl . In fact from (|12|) . 
O, PJt = = PJ a , PI a = I a and Pjt = Jt we deduce 

Pz a P = Pz a - 4 = , z Q P = Pz Q P + 4 = a£ + 4 (43) 

which show that for z% — 0, we get z 2 P = l\ and Pz 2 — j\, and for z[ = 
we get z\P = j| and Pz Q = 4- These cases are respectively obtained from 
projectors of the form 



N 2 

£ 

ni=0 



M 2 

|m + fe,Z) (m + k,l\ and Pi s = |fc,?i 2 + I) (fc,n 2 + l\ Vk,l > 0. 



n 2 =0 
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k = I = corresponds to Ni = Mi = => Ji = J 2 = 0. 
For zf 3 = z 2 — we get z a P — P a and Pz a = J^. This case is obtained 
from projectors of the form 



N 2 J 

P = ^ \ni + k,n 1 + l) + k,n 1 + l\ Vk,l>0 or Pj = V] \J,m) (J,m 

m—Ni rn— — J 

(44) 

where J = \{n\ + n 2 ) = 0, i, 1, ...oo and m = i (r*i — 712) runs by integer steps 
over the range — J < m < J. 

Finally if we take the projector 



pbd = pT +P± -P NiU2 -P N2Mi W i t h P NaMfj = \N a ,Mf,) (N a ,M p \ , (a,/3e [I, 2]) 
which projects onto the boundary of PTL where P is given by 1)10(1 . we get 

[z» a d , zf] = 29S a , - (J*?i«t - J*t j*) (45) 
where z b a d = P bd z a P bd and 



I bd — (Pn 2 + -P/Vi — PN1M1 — Pn 1 M 2 ) z 1i ^2 — (Pm 2 + -Fmi — Pn x Mx ~ Pn 2 M 1 )z 2 , 

J\ d — 2i(Pjvi + -P/v 2 — Pn 2 Mi — Pn 2 m 2 ), J 2 — ^aC-Pwi + -Pm 2 — PniM 2 ~ Pn 2 m 2 )- 

The relations l(45|l give solutions of the real ADHM constraint Qlfijl with 
jbd = (jbd jbd-) and jbdf = ZjMt ^jMtA and thc commutation relation 



\-^bd — odi jbd jbd jbd jbd — tj — — t~> — 

[Z x ,Z 2 J = 1 2 J\ — 1\ J 2 = Z\Pn 2 Ui_Z2 - z 2 Pn 1 m 2 z\ 

corresponds to the complex ADHM constraint \B\, B 2 ] + I J = 0. 

The same definitions of Z a , I a and J a given below l|17l) in term of the 
projector P hd lead to 



[Z bd , Z bd ] = -(I b a d I bd ^ J b a d U bd ), [Z bd , Z bd ] = I bd J bd - I bd J bd . (46) 

The Dirac operator which is compatible with these commutation relations 
reads 



Z 2 Zi I \ ( Z 2 Z\ l\ L 



2 



P ' -Zx Z 2 Jt )~\ -Z x Z 2 4 -J\ 

leading to an invertible T> Z T>\ necessary to ADHM construction. In fact by using 
ijlEj) we get 

(v z v\y x = [zz + rf)- l i 2x2 = (zz + jU)-H 2x2 . 
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Because of the noncommutativity of Z\ with Z2 and Z2 it is more difficult to 
find solutions ofD z tp = 0. All the above examples of ADHM constraint solutions 
reinforce the interpretation of B\ = z\,B\ = £ End(V) = End(PH) as 
instantons positions in the noncommutative space Rg. The noncommutative 
analogue of the localized feature of positions is expressed by projectors which 
project onto finite dimensional sub-space PH of the Fock space representation 
of the algebra -4 e (R 4 )- 

Before to compute explicitly the U(2) instanton number (|40|l . let us note 
that many of the above results present similarities with works treating non- 
commutative ADHM constructions of instantons. Especially the analogy of this 
formalism with the algebraic-geometric interpretation of the space V and the 
triple (B 1 ,B 2 ,I) considered in (221, EH and [231- This analo gy is given by 
the correspondence between the Fock space Tt and the space C \z\ , z 2 ] of all 
polynomials in classical variable z\ and Z2 as 

|m,n 2 ) = (z 1 /V20)"V(n 1 !)(z 2 /^)" 2 /("2!)|O,O) & (zi)" 1 ^)" 2 

PH = C[zf,z 2 p ] |0,0)((zf)^ +1 = 0,(z 2 p ) M2+1 =0)e>C[z 1 ,z 2 ]/I P = V 

where I p is the ideal parameterizes the torsion free sheaf on C 2 . In this case I p 
is the ideal given by the space of functions of the form 

I p = {z l ) N * +1 g{z ll Z2) + (z 2 ) M * +1 h(zx,z 2 ) ~ PH 

where P is the projector I|1U|) with N\ = Mx = 0. For instance, the case 
Nj. = M x = M 2 = 0, 

N 2 

P=Y, 1^1,0) (nx,0| , 

rti=0 

gives h = \/20E^=o l n i'°> (ni,l|, /1 = ^29{N 2 + 1) \N 2 , 0) (N 2 + 1, Q|, B 2 = 
~z~2 = 0, and B\ — zf . This case corresponds exactly to the one's given in 
section (4.1) of 22 for N = N 2 - 1 where I p = (zx) N2+1 g(zx, z 2 ) + (z 2 )h{zx, z 2 ), 
B2 = Z2 = but with B\ = \/2zf and only the image of the operator / = 
vt(l! = \M/V|iV,0)(iV+l,0|) = y^WV\N,0) is taken into account. The 
factor \/2 is added by hand to fit to the ADHM constraints. This kind of 
solution is also considered in ^3] and, with an adequate shift of the deformation 
parameter, in [2]. This consists in fact to take as ADHM equations only the 
sector zf — zf in l(TT|l . This restriction does not take into account the operator 
I2 which exists even if z P = and consider, in general, only the absolute value 

of the operator Ix under the form / = \[2\j m ^ nc Dirac operator. Because 

of IP = \/2y I\l\P = I, this latter restriction does not allow to get a trivial 
solution of the form ljlT|) and then to construct doublets of £7(2) instantons. 
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In the following, we compute explicitly the case where the projector is of the 
form 



Pj= \J,m){J,m\. (47) 

m=—J 

The coordinates z a and ~z a act on the states \J, to) as 



Z-2 



Z2 



J, m) 

J, m) 

J, m) 

J, to) 
J, to) 



y/26(J + TO+T) 
\J29{3 - to + 1) 
\/26(J - to) J- 
J- 



\/29(J - m) 
40J|J,m) 



1 1\ 



T 1 1 

J H — , to 

2' 2 



1 1 

— , to — — 
2' 2 

1 1 

— , to H — 
2' 2 



(48) 



which imply that J = 0, z^ J — and 



h 
J\Ji 



PjZi , h = Pjz 2 , Ji = z%Pj , J 2 = z 2 Pj, 



29 (J + m+l)P Jm , I 2 l\ = 28 £ (J-m + l)P Jm , 

m=—J m——J 

J J 
29 J2 (J + m)P Jm , j\j 2 =29 J2 (J-m)P Jm (49) 



m— — J 



m— — J 



where P Jm = \ J,m) (J,m\. h,h ■ Pj+%H ->PjU and Ji, J 2 : PjH -+Pj_iH. 

Z PJ = reduce the ADHM conditions O to IP - jt J = 40F> and IJ — Q 
which are easily verified from ^49(1. The Dirac operator 117(1 reduces to 

V z = 



Z 2 -Zl h I 2 

A 

2 



Zl —Z 2 j\ J; 



where z a — idp,H ® z Q , 7 Q = J a (g) id« and J Q = J Q ® icfo. The solutions 
2? Z V Q = read 



[ lPz\t I 

r 

V 4 J 



X and 



,Pjz 2 S- 

" zz 

Jl 

V ^ y 



(50) 
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where x 2 = H^zz)* 1 ^ + IP), </> 2 = Pj^zz)' 1 ^ + J+J) and zz = z{z\ + 
Z2Z2 ■ The components of ip a act on the Fock space PjTL (8 H and are normalized 
as 



= ( Poo 



id 





PjH®n 



= P< 



on 



(51) 



where * = (V' 1 ,?/' 2 ) an d Poo — Pj ® (idn — |0, 0) (0,0|). Since in this case 
81 = ii/j — = 26idpj7-i(g,H = 62 = ^2^2 — ^2^2, the partial isometry 12 I'll 
reduces to 



U = 



which satisfies the relations 



-Zl -z\ 



1 



zi -zi j y/ Z z + 29 



\ idpjH®n J 



UU^ = P 



(III 



and 



(52) 



p 0Q u = u , c/t Poo = C7 t. 

Note that in the classical limit (9 = 0) 



(53) 



U 



-z 2 -zi 
z~i -z 2 



-id k ® (x 4 + ixiCJi)- G zdfc (g) SU(2) (54) 



may be viewed as an element of the classical group SU (2). Here <7j are the Pauli 
matrices and r = \J x\ + x\ + x\ + x\. 

From 15311 and (15211 we obtain the normalization of ^> = ^fU as 



^ta^b = S ab id 



PjH®H 



(55) 



and the gauge field A satisfies the relation (|3*T|) . The components of the gauge 
field A can be explicitly calculated by 



.4 



ab _ 



1 r. 
29 



z\^ h 



dz l - ^ a 



1 r 

29 



z\t 



dz 1 . 



(56) 



In fact from 



z a ,Ipll = and z a f(zz) = f(zz + 29id P ,n®n)z a = fizz + 



29) z a , a straightforward calculus gives 
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.ii 1 zz{zz + IP + 20) i a 

a = Twill i - , oflU - , TTn ) 2 -Poo)z a dz -h.c, 
20 (zz + 2v)(zz + ll>) 

a22 1 - // zz(zz + P J - 26) l , 

Ippj J 

A = ( (zl)(zl + JJt)P + 20) (zz + JJt - 29) )HzidZ2 Z2dZl) ' 
A 21 = -(A 12 ) t (57) 

and 

^ _ 1 20((zz + 20)(zz + 40)Hz 2 \ 

" n o ((iii)-i)^ r Zl 

if ((igi) 1 -!)^ \ 

+ 20 120(^+20)^ + 40))-^ ((§±ff)-l)zj 



if *i((g£§)*-i) o 

20 \26z 2 ((zz + 26)(zz + 49))-i zi((§±tf) - 1) 



<izi 



1 f z 2((f|$i)'-l) 20zx((zz + 20)(zz + 40))- 
2^ ^((^i)-l) , 

We get the explicit form of the field strength components F ab from l|39l) as: 



F 11 = —D 11 (zz)(2ziZ2dzidz~2 + 2ziZ2dz2ctzi + 

(Z\Z\ — Z2~Zl)dz\dz\ — {z\Z\ — Z2Z2)dz2(tz2), 

p22 _ D 22 ( Z z)(2ziZ2dzidz~2 + 2z 1 z 2 dz 2 dz 1 + 

{z\Z\ — z 2 z 2 )dzidzi — (z{zi — Z2Z 2 )dz 2 dz2), 

F 12 = 2D 12 (zz)(— Z2Z 2 dz\dz2 + Z\Z\dzid~z~\ — z\Z2dz\d~z\ + ziZ2dz2dz~2), 
p 21 = (F i 2)t (59) 

where D 1 \zz) = ^ {z , +II "n )(zl!+in , D 22 (zz) = _ z( _ z+Jt y^ )(wt J} , £> 12 (^) 

( (^+/jtKz t /+jt j) )^ Z T( z - + }jt- 2e) and (dz a dz y = dz^. 

Notice that in the particular case where the projector Po is of the form 
P = |0, 0) (0, 0|, we see from (jUJ that IP = A9idp Q n®n = 40 and J a = which 
imply, from and (HSJ, that A 12 = A 21 = A 22 = and F 12 = F 21 = F 22 = 0. 
The component F 11 takes the same form as for the U(l) one-instanton calculated 
in [TI]. Let us recall that F 11 is defined in the Fock space PqH ® TC ~ 7i where 
the state |0, 0) is projected out while F is defined in the full Fock space H and 

Tr u( 2){F) 2 = (zz + 29)-i{z2F n Poo F u Z2 + z 1 F n p 00 F 11 z 1 )(zz + 2e)-i 
= -2(40) 2 (zz + 20)~ 2 (zz + 40)- J (zz + 60) _1 . 
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Inserting this expression into (|4U[) and using (J3J , we get the instanton number 
as a converge series of sum one. 

Now we are ready to calculate explicitly the U(2) instanton number (|40|) . 
First we observe from l|57[) . (|58|l and (|59|l that the gauge field A and the field 
strength F are well defined in the full Fock space PjTC ® 7i and Trjj^ 2 ) (F) 2 
vanishes rapidly enough at infinity (as (zz) -4 in the region n\, — ► oo or 
J — * oo of the Fock space). Then 1)40(1 is represented by a converge series. 
These properties permit us to use, as for ordinary Yang-Mills theory, the cyclic 
property of the trace and the Leibniz rule of the exterior derivative to rewrite 
l(40() under the form 



8tt^ 8tt z 



Tr(F) = - \ I Tr [dK] (60) 



2 



where K = AF - \{A) 

Now, let K = Kz 1 dzidz2dz2 + K^ 2 dz2dzidzi+K zl dzidz2dz2+K Z2 dz2dzidzi 
be a three form. The differential of K is given by: 

dK = ^([z a ,K Za ] + [z a , K- a ])dz 1 dz 1 dz 2 (tz2 

and its integration over a finite volume is expressed in the noncommutative 
case by a trace over a finite Fock sub-space Hy C H. Let 7iv be a sub-space 
delimited by the boundaries Pj 2 TC and Pj^H. with quantum number J2) J\. The 
Integration of dK is given by 

Tr Hv dK = — ^2 ^2 ( J ' m \[ z a,K Za } + [z ai K- a }\J,m) 
J— J 1 m=—J 

1 J2 

= 29 J2 Tr Pj-n(&«,K, a ] + [z«,Ki a ]). (61) 
j= Ji 

By using l|48|l one can see that the terms coming from Trpjji{z ai K Za ) and 
Trpji-c(Kz a z a ) cancel the terms coming from Trp 1 n{K Za 'z a ) and Trp 1 n(z a , K Za ) 

.7+2 J +2 

respectively, so that the contributions corresponding to the interior J%)J)Jx will 
be cancelled out to keep only contributions coming from boundaries as 

1 ' h 

Tr Hv dK = — ^ (( J 2, m\ z a K Za |J 2 , m) - { J2, m\ K Za z a \ J 2 , m)) 

m——Ji 
1 Jl 

~26 ^ (( Jl,m \ Kz <* Za \ J i' m ) ~ ( J i> m \ z aKz a |Ji,m)(62) 
m=— Ji 

This result is the noncommutative version of the Stokes' theorem. For the 
trace over the full Fock space Ti J\ = and J2 — ► 00. Since ~z a |0, 0) = and 
(0, 0| z a = 0, reduces to 
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1 ,h 

Tr H dK = lim — V" (( J 2 , m\ z a K Zoc | J 2 , m) - ( J 2 , m\ K^ a z a | J 2 , m)) 



J'2 >00 20 

m=~J 2 

1 

J2 — >oo 29 



]hn.__—Trp Ja H(za,Kz a - Kz a Za) (63) 



from which we deduce the instanton number 



, Tr[dK] = -±—£- lim — (Tr Pj <g> Tr Pj2 n)[z a , K Za - K^z a ) 



(4^ 2 

J? 4 ) 

where i4T Za and if^ a are the components of the three form K = Trjj(2) (AF — 
^(A) 3 ). The relation 1(641) shows that the calculus of the instanton number is 
determined by the behavior of the components of the three form TV;y( 2 ) {AF — 
i(A) 3 ) in the asymptotic region J — ► 00 of the Fock space. 
First (|S"5)l behaves like 



limt/W = _ J_ ~ 2 _ Z A dzi _ J_ ( -** °) dz 
J^oo 2zz V -zi I 2zz \-2zi z 2 ' 



2 



2zz\-2z 2 -zij 2zz V z 2 / v y 

and has the same form as for the commutative case g~ 1 dg where g is given by 
1)54(1. In this asymptotic region of the Fock space one may see from 1)59(1 and 
lf57jl that the components of F ab and F ab = (W FU) ab behave like (zz)" 2 and 
the components of the gauge fields A ab and (U' f AU) ab behave like (zz) _2 z Q 
or (z~z)~ 2 z a . Then from the asymptotic behavior of W AU and ((65(1 one 
deduces that the gauge field A reduces to a pure gauge 



lim A — >UUU 

J ►OO 



leading to 



lim Tr u(2) K = lim Tr u(2) {AF -\{Af ) — > -\Tr u(2) ((UUuf ) (66) 
where WdU is given by 1(65(1 . A straightforward computation gives 



lim Tr,j(2)K = + ——^zidz 1 dz 2 dz 2 + -. ^ z 2 dz 2 dz\dz\ 



.7— CO {zz) 2 ~ 

— -— -rzidzidz 2 dz 2 — 7-3- 
(zz)^ (zz) 



— z-\_dz\dz2dz2 — , _.„ z 2 dz 2 dz\dzi. (67) 
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Hence 



Kz a 2<a / \n i ^ Q — / \o^a '* Za-Kz a F^ z Z a — . (68) 

(zzy \zzy zz 

Inserting into we get 



(9T , ^ (^g) 2 1 2(2J 2 + 1) 

where the first factor of the right side of 1(69(1 represents the dimension of the 
space PjTL which has been identified with the vector space C k , k = 2 J + 1, 
in which the linear operators B\ and £?2 of the ADHM construction act. This 
number, k — Dim(C k ) = 2 J + 1, is considered as the instanton number of the 
ADHM construction. The second factor may be viewed as the non commutative 
version of the winding number. In fact one may see from 1(64(1 . 1(66(1 and 1(54(1 
that the instanton number resembles the element of the third homotopy group 
iT3(SU(2)) ~ Z . It is the noncommutative version of the winding number 
measured by the surface integral at infinity. 

k =2^J s3 dS M.9- l d v g){g- 1 d p g){g- 1 d <7 g)e^ a (70) 

where g = U belongs to the classical idk <8> SU(2) group l|54|l . g~ 1 dg is given by 
<|t)5|) where z a and z a are taken as c- number and dR 4 — . 

Notice that since the second factor of the right hand side of l|69|) characterizes 
the noncommutative winding number n = 1, the instanton number k 1)69(1 may 
be interpreted as a sum of k U(2) instantons of noncommutative winding number 
n = 1. Each term of this sum can be calculated, with the same formalism 
presented in this section, by replacing Pj (|47jl by the projector of rank one 

P Jm = \J,m)(J,m\. (71) 

Much more, we can generalize l(69|l for a winding number n by replacing, in 
this section, the partial isometry U by U n = (U) n which keeps the same partial 
isometry property H52|) . the relations l|53|l and the normalization l|55l) for the 
solution ^ = ^U n giving the gauge field A n = ^ n d^/ n and the field strength 
F n = dA n + (A n ) 2 satisfying the relations 

An = U\AU n + UldU n and F n = rf n FU n 

where the components of A and F are given by 1(57(1 and ((59(1 respectively. 
For the same reasons presented above, in the asymptotic region J — > oo the 
components of U^AUn behave as those of U'AU (like z Q (zz)~ 2 or z Q (zz) -2 ) 
and the components of F n behave as those of F (like (zz) -2 ). This asymptotic 
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behavior implies that Tr(F n ) 2 is given by a converge series and therefore we can 
apply the same process leading to (|64|l by replacing the asymptotic behavior of 
the three form K by 

lim Tr u[2) K n = Urn Tr u{2) (A n F n - i(i„) 3 ) —> -^Tr u(2) {{UldU n f). 

(72) 

Now let us show by induction that Q72J) leads to the value n of the winding 
number. This is certainly true for n = 1 l|69(l . Suppose (|72|l leads to the winding 
number n and establish it for n + 1 . 

Let Al = UXdU n , then A% +1 = WA%U + WdU. In the asymptotic region 
J — > oo of the Fock space, [/ behave like the classical group (|54"|) (c- number). 
Then we can use the cyclic properties of the trace and the Leibniz rules of the 
exterior derivative to show that 



lim Tr u(2) (A u n+1 f = lim Tr u(2) ((A u n f + {uUuf - 3d(ul +1 dU n dU)). 

J *-oo J >OQ 

(73) 

Since the third term of the right hand side of (|73|l is a total derivative, it 
does not contribute to (|64fl . In fact, for a total derivative three form K i.e. 
K = dH where H is any two form , the process of cancellation which has led to 
the boundary terms (|63|l occurs in evaluating Trp H n(z a ,K Za — K- a z a ) which 
vanishes. This is the noncommutative version of Stokes'theorem for a three 
dimensional manifold without boundary. And therefore, from (17311 we deduce 
that the winding number calculated from the left hand side of (|73(l is n + 1 , a 
sum of the contribution coming from the first term of the right hand side of l|73|l 
which is supposed to be n and the contribution coming from the second term 
lim Tr u(2) (WdU) 3 which give n = 1 

J >oo 

Hence we can conclude that: 

- in this formalism the U(2) instanton number of noncommutative ADHM 
construction is kn, the product of the dimension of the Fock sub-space PjTi, k — 
2J+1, times the winding number n. It also can be viewed as k U(2)— instantons 
of winding number n calculated by using the projector (|71l) . 

- This result clarifies the geometrical picture of the noncommutative ADHM 
instanton number and shows way it is the same value as commutative instanton 
number. 

-The U(2) instanton number depends on the rank of projectors not on their 
form. The projectors 



N 2 m=M 2 

P= y~] \ni + k, ni + I) (ni + k, ni + l\ or Pj = \J, m) (J, m\ 

n±=Ni m=Mi 

Vfc, I £ N > and VJ = \{n\ + n 2 ) = 0, i, 1, ...oo and m = \{ni — n 2 ) runs 
by integer steps over the range — J < Mi <m< M 2 < J and M 2 — Mi = k < J, 



20 



give the same instanton number k — N2 — iVj + 1 = M2 — Mi + 1 modulo the 
winding number n. This property resembles the noncommutative analogue of 
the invariance under translations of the instanton positions. 
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